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Abstract
Ramanujan recorded additive formulae of theta functions that are related to modular equations of degree
five. We present elementary and simple proofs.
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1. Introduction
In the theory of modular equations of degree five, the following two identities are of central
importance. For |q| < 1,
( ∞∑
n=−∞
qn
2
)2
−
( ∞∑
n=−∞
q5n
2
)2
= 4q
∞∏
n=1
(1 − q10n)2(1 + q2n−1)
(1 + q10n−5) ,
( ∞∑
n=1
qn(n−1)
)2
−
(
q
∞∑
n=1
q5n(n−1)
)2
=
∞∏
n=1
(1 − q10n)2(1 + q2n)
(1 + q10n) . (1)
Ramanujan recorded the above identities and used them in his theory of modular equations of
degree five [1, pp. 249–302]. Proofs using elliptic functions and Lambert series can be found
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S.H. Son / Journal of Number Theory 121 (2006) 114–117 115in [1, pp. 258–263] and [3]. Ramanujan also recorded four identities that are refinements of (1)
in his lost notebook [2, p. 56]. The sole purpose of this paper is to present a constructive and
straightforward derivation of all of those six identities.
2. Preliminary results
In his notebook [1, pp. 34–38], Ramanujan defines the following theta functions:
f (a, b) :=
∞∑
n=−∞
an(n+1)/2bn(n−1)/2 = (−a;ab)∞(−b;ab)∞(ab;ab)∞,
ϕ(q) := f (q, q) =
∞∑
n=−∞
qn
2 = (−q;−q)∞
(q;−q)∞ ,
ψ(q) := f (q, q3)= ∞∑
n=1
qn(n−1)/2 = (q
2;q2)∞
(q;q2)∞ , (2)
where
(a;q)∞ :=
∞∏
n=0
(
1 − aqn), |ab| < 1, |q| < 1.
The infinite products are from the Jacobi triple product identity [1, p. 35].
By definition (2) one can easily verify the following identities [1, p. 45] after rearranging the
double sums using m − n = 2j + δ and m + n = 2k + δ, δ = 0,1. If ab = cd , then
f (a, b)f (c, d) + f (−a,−b)f (−c,−d) = 2f (ac, bd)f (ad, bc),
f (a, b)f (c, d) − f (−a,−b)f (−c,−d) = 2af
(
b
c
,
abcd
b/c
)
f
(
b
d
,
abcd
b/d
)
. (3)
3. Additive formulae of theta functions
Ramanujan gives the following refinements [2, p. 56].
Theorem 3.1. For |q| < 1,
∞∑
n=−∞
qn
2 +
∞∑
n=−∞
q5n
2 = P1,
∞∑
n=−∞
qn
2 −
∞∑
n=−∞
q5n
2 = P2, (4)
∞∑
n=1
qn(n−1) + q
∞∑
n=1
q5n(n−1) = P3,
∞∑
n=1
qn(n−1) − q
∞∑
n=1
q5n(n−1) = P4, (5)
where the infinite products P1,P2,P3, and P4 are determined by the last equations in each of the
two proofs.
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ϕ(−q)
ϕ(−q5) =
4∏
n=1
(qn;q5)∞
(−qn;q5)∞ =
f (−q,−q4)f (−q2,−q3)
f (q, q4)f (q2, q3)
. (6)
By (3),
f
(−q,−q4)f (−q2,−q3)+ f (q, q4)f (q2, q3)= 2f (q3, q7)f (q4, q6),
f
(−q,−q4)f (−q2,−q3)− f (q, q4)f (q2, q3)= −2qf (q2, q8)f (q, q9).
Dividing by f (q, q4)f (q2, q3) and then applying (6), we derive
ϕ(−q)
ϕ(−q5) + 1 =
2f (q3, q7)f (q4, q6)
f (q, q4)f (q2, q3)
,
ϕ(−q)
ϕ(−q5) − 1 =
−2qf (q2, q8)f (q, q9)
f (q, q4)f (q2, q3)
.
Multiplying by ϕ(−q5) and then replacing −q with q , we are done. 
Proof of (5). By (2),
ψ(q2)
ψ(q10)
=
4∏
n=1
(
q4n;q20)∞
/ 5∏
n=1
n=3
(
q4n−2;q20)∞ = f (−q4,−q16)f (−q8,−q12)f (−q6, q14)f (−q2,−q18) . (7)
By (3),
f
(
q, q9
)
f
(−q3,−q7)+ f (−q,−q9)f (q3, q7)= 2f (−q4,−q16)f (−q8,−q12),
f
(
q, q9
)
f
(−q3,−q7)− f (−q,−q9)f (q3, q7)= 2qf (−q6,−q14)f (−q2,−q18),
and we deduce that
f
(−q4,−q16)f (−q8,−q12)+ qf (−q6,−q14)f (−q2,−q18)= f (q, q9)f (−q3,−q7),
f
(−q4,−q16)f (−q8,−q12)− qf (−q6,−q14)f (−q2,−q18)= f (−q,−q9)f (q3, q7).
Dividing by f (−q6,−q14)f (−q2,−q18) and then applying (7), we obtain
ψ(q2)
ψ(q10)
+ q = f (q, q
9)f (−q3,−q7)
f (−q6,−q14)f (−q2,−q18) ,
ψ(q2)
ψ(q10)
− q = f (−q,−q
9)f (q3, q7)
f (−q6,−q14)f (−q2,−q18) .
Multiplying by ψ(q10), we complete the proof. 
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Multiplying the two refinements in (4) and (5), respectively, we obtain the following identities
that are (1).
Corollary 4.1. For |q| < 1,
ϕ2(q) − ϕ2(q5)= 4qf (q, q9)f (q3, q7),
ψ2
(
q2
)− q2ψ2(q10)= f (q2, q8)f (q4, q6).
From this evidence we conclude that Ramanujan knew the simplest proofs when he recorded
the modular equations of degree five.
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